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Decays of charmed mesons

In both cases, experiments measure a hadronic M.E. times a CKM element
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Why calculate fD,Ds and D→π,K on the lattice?

Approach #2 provides a test of lattice QCD methods, e.g.:

Dynamical (sea) quark effects

Light quark formalism

Heavy quark formalism

Chiral extrapolations

Correct lattice QCD results for D-mesons give confidence in similar lattice 
calculations with B-mesons

3

(1)  Can combine experimental measurements of branching fractions with lattice
        calculations of decay constants & form factors to extract |Vcd|, |Vcs|

(2)  Can combine experimental measurements of branching fractions with values
        of |Vcd|,|Vcs|from elsewhere to experimentally determine decay constants
        or form factors, then compare with lattice QCD calculations
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Current lattice measurements of D decays

Currently two groups calculating heavy-light meson quantities with three 
dynamical quark flavors:  Fermilab/MILC & HPQCD

Both use the publicly available “2+1 flavor” MILC configurations
[Phys.Rev.D70:114501,2004] which have three flavors of improved staggered 
quarks: 

Two degenerate light quarks and one heavy quark

Light quark mass ranges from

Groups use different heavy quark discretizations:

Fermilab/MILC uses Fermilab quarks

HPQCD uses nonrelativistic (NRQCD) heavy quarks
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ms/10 ! ml ! ms

(! ms)

CAVEAT:  This talk will be restricted to
three-flavor unquenched lattice calculations
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Systematics in lattice calculations

Lattice calculations typically quote the following sources of error:

1. Monte carlo statistics & fitting

2. Tuning lattice spacing,    , and quark masses

3. Matching lattice gauge theory to continuum QCD

(Sometimes split up into relativistic errors, discretization errors, 
perturbation theory, ...)

4. Extrapolation to continuum 

5. Chiral extrapolation to physical up, down quark masses

Errors #3 and #5 are dominant sources of uncertainty in current heavy-light 
lattice calculations -- will discuss them in turn

5
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Heavy quarks on the lattice

Both methods require tuning parameters of lattice action

For heavy-light decays, must also match lattice currents to continuum

Typically calculate matching coefficients in lattice perturbation theory 
[Phys.Rev.D48:2250-2264,1993]
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! (amQ)nPROBLEM:  Generic lattice quark action will have discretization errors 

SOLUTION:  Use knowledge of the heavy quark/nonrelativistic quark limits of QCD
                      to systematically eliminate HQ discretization errors order-by-order

LATTICE NRQCD
[Phys.Rev.D46:4052-4067,1992]

Continuum QCD

Lattice gauge theory

Nonrelativistic QCD

FERMILAB METHOD
[Phys.Rev.D55:3933-3957,1997]

Continuum QCD

Lattice gauge theory

(using
HQET)
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Matching errors
In principle, can remove errors of any order in heavy quark mass, but, in 
practice, becomes increasingly difficult at each higher order

        Must estimate size of errors due to inexact matching
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⇒
FERMILAB METHOD

QCD

LGT

“heavy quark
discretization
effects”

Combine all errors associated
with discretizing action

Estimate errors using knowledge of 
short-distance coefficients and 
power-counting

Estimate errors using power-counting

LATTICE NRQCD

QCD

LGT

NRQCD

“relativistic errors”,
e.g. O(αS ΛQCD/mQ) & O(ΛQCD2/mQ2)

“ perturbation theory errors”,
e.g. O(αS2)
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Chiral extrapolation of lattice data

Must extrapolate lattice results to physical values of up, down quark mass

For MILC 2+1 flavor lattices, must use staggered chiral perturbation theory
[Lee & Sharpe, Aubin & Bernard, Sharpe & RV]

Accounts for next-to-leading
order light quark mass dependence

Also accounts for light quark
discretization effects through
O(αS2

 a2ΛQCD2)

Extremely successful for light-light
meson quantities such as fπ

Comment:  Staggered results agree with experimental values after chiral 
extrapolation in large part because the simulated quark masses are light
and the lattice results are already close to the correct answer

8



Lattice results for fD,Ds

BK



R. Van de Water  /19Charm decay constants and semileptonic form factors from lattice QCD

HPQCD calculation of fDs

Agrees with experiment:
fDs = 279 ± 17 ± 20 MeV [BaBar]

Statistical error dominated by 
extrapolation of mQ to charm 
quark mass

Perturbation theory error from
1-loop lattice-to-continuum 
operator matching
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 [Phys.Rev.Lett.92:162001,2004]

fDs = 290 ± 20 ± 29 ± 29 ± 6 MeV

statistics & fitting perturbation
theory

relativistic
corrections

generic
discretization

effects
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Fermilab/MILC calculation of fD,Ds

Simulate directly at charm quark mass

Current matching partly nonperturbative

fD+, fDs calculations preceded Cleo-c
measurements ⇒ lattice predictions
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fDs = 249 ± 3 ± 7 ± 11 ± 10 MeV

fD+ = 201 ± 3 ± 6 ± 9   ± 13 MeV

statistics

lattice spacing & mc tuning

heavy quark
discretization effects

chiral
extrapolation

 [Phys.Rev.Lett.95:122002,2005]

Results finalized since CKM 2005

bands of statistical (orange) and all uncertainties (yellow) added in quadrature [13]. As one
can see, the q2 dependence of lattice QCD (curve and error band) and data from the FOCUS
experiment (points) agree excellently, although the uncertainties are still several per cent. The
FOCUS results appeared two months after the lattice calculation. More recently, the Belle
Collaboration at the e+e! collider KEK-B measured the shape and normalization of the form
factor in a single experiment [14]. In Fig. 1(b) we compare our result for f+(q2) with Belle. The
color code for the lattice QCD error bands is as before, and now depict q2 dependence of the
lattice-QCD errors in a realistic way.

3. Leptonic D Decays
We also considered the leptonic decay of charmed mesons, D+ ! l! and Ds ! l!. Here the
quark and antiquark in the meson merge into a virtual W , which disintegrates into l!. The
QCD influence is a single number (for each meson), called decay constants and denoted fD+

or fDs . At Lattice 2004 [15], we presented preliminary results for fD+ and fDs , based on one
lattice spacing, a " 0.125 fm. Our extended the running to two other lattice spacings. Details
are given in the ensuing publication [16]. We find

fD+ = 201 ± 3 ± 17 MeV, (1)
fDs = 249 ± 3 ± 16 MeV, (2)

where the first error is from finite Monte Carlo statistics, the second is a sum in quadrature
of several systematics. A conservative (but not näıve) estimate of heavy-quark discretizations
e!ects is the second largest (largest) systematic on fD+ (fDs).

Figure 2 shows the nf dependence of the decay constants. Quenched (nf = 0) results vary
widely, but we show one [17] carried out with similar choices for other aspects of the calculations.
One sees a trend of fDs to increase with nf . A similar comparison of fD+ , in Fig. 2(b), is less
instructive, but shown for completeness.

The CLEO-c Collaboration [19] and the BaBar Collaboration [20] have measured

fD+ = 223 ± 17 ± 3 MeV CLEO-c [19], (3)
fDs = 279 ± 17 ± 20 MeV BaBar [20], (4)

respectivelty at the CESR and PEP-II e+e! colliders. At the 1-" level, the agreement with
lattice QCD is fine. Even more compelling is the ratio Rd/s = m1/2

D+fD+/m1/2
Ds

fDs :

Rd/s = 0.786 ± 0.042 lattice QCD, (5)
= 0.779 ± 0.093 CLEO/BaBar, (6)
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Figure 2. Dependence of (a) fDs and (b) fD+ on the number nf of sea flavors. Quenched (nf =
0) [17]; nf = 2 [18]; nf = 3 [16]. Solid (dashed) error bars are statistical (statistical+systematic).
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Potential sources of improvement

2-loop perturbative (or nonperturbative) matching

Highly-improved staggered quark (HISQ) action to simulate directly at 
charm (in progress --  hep-lat/0610092)

2-loop matching of heavy-light current ρ-factor

Nonperturbative determination of clover coefficient in heavy-quark action 
(e.g. see Lin & Christ)

Improved heavy-quark action (in progress -- Kronfeld & Oktay)

Lighter quark masses and finer lattice spacings

Heavy-light calculations with different light quark action, e.g domain-wall 
(RBC) or overlap fermions (JLQCD)

12

For HPQCD:

For Fermilab/MILC:

In general:
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Extension to fB
Successful predictions of fD, fDs lend confidence in lattice methods

The ratio of decay constants, in which 
several lattice uncertainties cancel, is 
particularly compelling: 

HPQCD fB better than fD because can simulate directly at b quark mass

Fermilab/MILC fB comparable to fD, and heavy quark discretization errors
somewhat smaller 

13

HPQCD:
Phys.Rev.Lett.95:212001,2005

fB = 216(9)(19)(4 )(6 )MeV
fBs/fB = 1.20(3)(1)

fBs/fDs = 0.99(2)(6)
fB/fD = 0.95(3)(6)

Fermilab/MILC:
Simone, Lattice ’06 
(Preliminary)

Rd/s
lat.  = 0.786 ± 0.043

Rd/s
exp. = 0.779 ± 0.093

 [lat: Phys.Rev.Lett.95:122002,2005; exp: Cleo-c/BaBar]



Lattice results for D→π,K 
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Fermilab/MILC calculation of D→π 

15

TABLE V: Statistical error correlation matrix of the BK parameters: !2
ij/(!ii!jj) with i, j =

{F,",#}. Here !ii is the standard error given in Table III.

D ! $l% D ! Kl% B ! $l%

F " # F " # F " #

F 1.000 "0.583 0.535 1.000 "0.597 0.530 1.000 "0.918 0.918
" "0.583 1.000 "0.312 "0.597 1.000 "0.316 "0.918 1.000 "0.843
# 0.535 "0.312 1.000 0.530 "0.316 1.000 0.918 "0.843 1.000
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FIG. 9: Form factors f+ and f0 as a function of q2 for D ! $l% (left panel) and D ! Kl% (right)
decays. Our results are shown by circles (with statistical errors only), and the BK parameterized
curves are shown by solid lines. Experimental results by BES [20] and FOCUS for f+ [18] are
shown by stars and diamonds, respectively.

below.
Our results for the CKM matrix elements |Vcd| and |Vcs| in Table III are obtained from

the integration with 0 # q2 # q2
max using the decay rates of Ref. [1]. They are consistent

with the Particle Data Group averages (from sources other than the semileptonic decays),
|Vcd| = 0.224(12) and |Vcs| = 0.996(13) [1]. If we instead use these CKM values as inputs,
we obtain, for the total decay rates,

!(D0 ! !!l+") = (7.7 ± 0.6 ± 1.5 ± 0.8) $ 10!3ps!1,

!(D0 ! K!l+") = (9.2 ± 0.7 ± 1.8 ± 0.2) $ 10!2ps!1,

!(D0 ! !!l+")

!(D0 ! K!l+")
= 0.084 ± 0.007 ± 0.017 ± 0.009, (52)

where the first errors are statistical, the second systematic, and the third come from uncer-
tainties in the CKM matrix elements.

B. B ! $l%

The results for f+ and f0 for the B ! !l" decay are shown in Fig. 10, together with
previous results from quenched (nf = 0) lattice QCD. As seen in the figure, current lattice
results are restricted to the higher q2 (lower E) region, because lattice data are available only
for pion momenta p up to around 1 GeV. As a consequence, the systematic error associated

19

|Vcd| = 0.239(10)(24)(20)
f+

D→π(0) = 0.64(3)(6)

stat. sys. exp.

stat.
sys.

(Statistical errors only)

Given |Vcd|, result for f(0) consistent with experiment

Conversely, 14% measurement of |Vcd| -- error dominated by discretization 
effects:

5% from lattice momenta

7% from heavy quark discretization

[Phys.Rev.Lett.94:011601,2005]
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Fermilab/MILC calculation of  D→K 

16

stat. sys. exp.

|Vcs| = 0.969(39)(94)(24)
f+

D→K(0) = 0.73(3)(7)

stat.
sys.

[Phys.Rev.Lett.94:011601,2005]

In this paper, we discuss three topics: the normalization and q2-dependence of the D ! Kl!
form factor; the decay constants of the D+ and Ds mesons; and the mass of the Bc meson. Each
of these lattice-QCD calculations was subsequently confirmed by experimental measurements,
satisfying a long-standing demand of experimental physicists [6]. The quantities discussed here
were ideal candidates: they are straightforward to compute; they test the controversial aspects
in complementary ways; and the first “good” experimental measurements were expected on the
same time scale. The success of the predictions is extremely encouraging. In particular, the
calculations for D mesons are, in lattice QCD, similar to those for B mesons, whose b quarks
are considered likely to exhibit new, non-Standard interactions.

2. Semileptonic D Decays
Semileptonic decays such as D ! Kl! proceed as follows. A quark (in this case, a charmed
quark) emits a virtual W boson, thereby turning into a quark of a di!erent flavor (in this case,
a strange quark). The W immediately disintegrates into a lepton-neutrino (l!) pair. The rate
depends on q2, which is the invariant-mass-squared of l!. Some of the q2 dependence stems from
QCD through a function called a form factor (in this case, denoted f+(q2)). The momentum
transfer q2 falls in the range 0 " q2 " q2

max = (mD#mK)2. In lattice QCD, discretization e!ects
are smallest when the spatial momentum p of the kaon is small, which puts q2 close to q2

max.
Experiments usually measure the branching fraction and quote the normalization f+(0),

after making assumptions about the q2 dependence. While our results were still preliminary [7],
experimental results came out for the normalization of D ! Kl! [8] and D ! "l! [9]. The
agreement with our final results [10] is excellent. For example, we find fD!K

+ (0) = 0.73(3)(7) [10]
while the BES Collaboration measures fD!K

+ (0) = 0.78(5) [8].
In principle, the shape of the form factors can be computed directly in lattice QCD. In

practice, we calculated at a few values of p and used a fit to the Ansatz of Bećirević-Kaidalov
(BK) [11] to fix the q2 dependence. It was important, therefore, to measure the q2 dependence
experimentally. In photoproduction of charm o! fixed nuclear targets, the FOCUS Collaboration
was able to collect high enough statistics to trace out the q2 distribution of the decay [12].
This setup does not yield an absolutely normalized branching ratio, so one is left to compare
f+(q2)/f+(0).

In Fig. 1(a) we plot our result for f+(q2)/f+(0) vs. q2/m2
D!

s
. The errors from f+(0) must

be propagated to non-zero q2, so for f+(q2)/f+(0) the errors grow with q2. Figure 1 shows 1-#
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Figure 1. Form factor for D ! Kl! vs. q2/m2
D!

s
: (a) shape f+(q2)/f+(0) compared with

FOCUS [12]; (b) shape and normalization f+(q2) compared with Belle [14].
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11% measurement of |Vcs| --
error dominated by 
discretization effects:

5% from lattice momenta

7% from heavy quark discretization

Form factor shape and normalization
consistent with experiment

Calculations preceded Focus, Belle, 
BaBar measurements
⇒ lattice prediction
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FIG. 13: Comparison of coarse lattice data with some results
from one of the fine MILC ensembles. Shown are results for
f! and f" at E! = 0.79GeV.

that were made previously and that we are systemati-
cally improving upon, such as partial quenching, linear
chiral extrapolations, working with currents at lowest or-
der in 1/M , did not drastically a!ect the theory. The
solid curves in Fig.14 are fits to our new results using the
Ball-Zwicky (BZ) [50] parametrization of f+ and f0. We
have also tried fits to other parametrizations, described
in the Appendix, including the Becirevic-Kaidalov (BK)
[49], Richard Hill (RH) [20] and a series expansion (SE)
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FIG. 14: Form factors f+(q2) and f0(q
2) in the chiral limit.

The black squares and triangles are the new and final results
for f+ and f0 respectively. For comparison, the data from
ref.[17] are also shown as circles. The full black curves follow
a BZ parametrization fit (see text) to the new data. Errors
are combined statistical and chiral extrapolation errors.

[19, 21, 51, 52] parametrization. The RH parametriza-
tion fit is essentially indistinguishable from the BZ fit.
The BK fit is also a good fit to our data although not
quite as good as the first two. This should not be surpris-
ing, since the BK fit has only three parameters to tune
whereas the BZ and RH fits are both four parameter
fits. Any further parameters, however, are very poorly
determined and do not help in the fit. Another class of
fit ansaetze, the series expansion (SE) fits, are discussed
in the Appendix. The main reason we are interested in
obtaining a good analytic parametrization of the form
factors, is to facilitate partial integration of di!erential
decay rates, as discussed below. These parametrizations
can also be used to try and extrapolate to lower q2 where
lattice data are currently not available.

The statistical plus chiral extrapolation errors for
f+(q2) lie between 7 ! 10% depending on q2. They are
smaller for the form factor f0(q2). For q2 " 16GeV 2, the
range we will be focusing on, the average error for f+(q2)
comes out to be ! 8%. In Table VI we list this average
statistical plus chiral extrapolation error together with
estimates of systematic errors from other sources. These
other systematic errors are dominated by the ! 9% un-
certainty in higher order matching of the heavy-light cur-
rents.

The di!erential partial decay rate for B # ! l", ignor-
ing the charged lepton mass, is given by,

d"

dq2
=

G2
F

24!3
p3

! |Vub|2 |f+(q2)|2 (21)

where GF is the Fermi constant and p! the magnitude

f0

f+

Extension to B→πlν

Two essential differences in Fermilab/MILC error budgets for D and B 
semileptonic form factors: 

Discretization error decreases from D- to B-decays:  9% → 7%

Extrapolation error from fit to q2 dependence increases:  2% → 11% for f(0)

Dominant error in D-decays is 
heavy-quark discretization

Dominant error in B-decay is 
q2 extrapolation

While methods translate from D to B
semileptonic decays, errors do not;
each calculation needs
improvement in different areas

17

 [HPQCD: Phys.Rev.D73:074502,2006]
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Potential sources of improvement

Same as for decay constants -- higher-order matching and improved action

Lighter quark masses and finer lattice spacings

Additional lattice calculations

Generate data at additional q2 points -- two promising methods:

Moving NRQCD:  generate lattice data at low q2 (high pion momentum) 
while keeping statistical errors under control
[Foley & Lepage; Davies, Lepage, & Wong]

Twisted Boundary Conditions:  generate additional high q2 data points 
with pion momenta at noninteger values of 2π/L (L = spatial lattice size) 
[Bedaque; Sachrajda & Villadoro]
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For Fermilab/MILC:

In general:

For B→π:
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Summary and outlook

Leptonic and semileptonic D-decays allow ~10% determinations of CKM 
matrix elements |Vcd|, |Vcs|

Also provide important test of lattice QCD methods

In particular, lattice QCD had made successful predictions for:

Leptonic decay constants fD, fDs

Shape of D→K form factor

Give confidence in similar lattice calculations of B-meson quantities

Ongoing effort to improve heavy-quark actions

Ongoing effort to increase/improve lattice data at nonzero q2 

Possibly essential for less than 10% determination of |Vub| exclusive

Progress is being made, but more work is necessary...
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